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Abstract. We prove a unified convergence theorem, which presents in four
equivalent forms of the famous Antosik-Mikusinski Theorems. In particular, we
show that Swartz’ three uniform convergence principles are all equivalent to the
Antosik-Mikusinski Theorems.
Key Words and Phrases: Abelian topological group, infinite matrix,
Antosik-Mikusinski Theorems, uniform convergence principles.
2000 Mathematics Subject Classification. 40C05 .
1. Antosik-Mikusinski Theorems
In the late 1950’s, J. Mikusinski and R. Sikorski established a sequential theory
of distributions [1, 2]. In order to prove the equivalence of the sequential approach
to the theory of distributions of Mikusinski and Sikorski and the functional analy-
sis approach by L. Schwartz [3], Mikusinski noticed that it would be necessary to
develop a new non-topological method replacing the Baire category methods em-
ployed so often in functional analysis. Mikusinski [4] presented a diagonal theorem
concerning the diagonal of an infinite matrix with valued in a Banach space, which
proved to be just the tool needed. The Mikusinski’s diagonal theorem indicated
that an important infinite matrix method, which is a non-topological method, came
into being. See [5, P1−7] for the evolution of the Mikusinski diagonal theorem. In
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1980’s, P. Antosik proved a new diagonal theorem which was of a different charac-
ter from the previous diagonal theorems. Since the appearance of Antosik theorem
the infinite matrix method has taken great progress. In the famous monograph
[6] Antosik and Swartz systematically used this theorem to treat a wide variety
of topics in measure theory and functional analysis. From now on, we call this
theorem the Antosik-Mikusinski Theorem, which states as follows:
Let (G, τ) be an Abelian topological group and xij ∈ G for i, j ∈ N. Suppose
(v) limi xij = xj exists for each j ∈ N and
(vi) for each strictly increasing sequence of positive integers {mj} there is a
subsequence {nj} such that {
∑
j xinj}
∞
i=1 is a τ -Cauchy sequence.
Then limi xij = xj uniformly for j ∈ N. In particular, limi xii = 0.
However, the Antosik-Mikusinski Theorem is not suitable when we study the
weakly sequentially completeness of the β-dual spaces of sequence spaces with
the signed weak gliding hump property. In order to extend the applicability of
the Antosik-Mikusinski Theorem one has to try to establish a new type of the
Antosik-Mikusinski Theorem. Stuart [7, 8] succeeded in obtaining two such results,
which we call the signed Antosik-Mikusinski Theorem and the isometry Antosik-
Mikusinski Theorem, respectively. The above theorems can be stated as follows:
The Signed Antosik-Mikusinski Theorem. Let (G, τ) be an Abelian topo-
logical group and xij ∈ G for i, j ∈ N. Suppose
(v) limi xij = xj exists for each j ∈ N and
(vi) for each strictly increasing sequence of positive integers {mj} there is a sub-
sequence {nj} and a signed sequence {θj} ⊆ {1,−1} such that {
∑∞
j=1 θj(xinj)}
∞
i=1
is Cauchy.
Then limi xij = xj uniformly for j ∈ N. In particular, limi xii = 0.
The Isometry Antosik-Mikusinski Theorem. Let (G,P ) be an Abelian
quasi-normed group and xij ∈ G for i, j ∈ N. Suppose
(v) limi xij = xj exists for each j ∈ N,
(vi) for each strictly increasing sequence of positive integers {mj} there is a
subsequence {nj} and a sequence of additive isometries {sj} : (G,P ) → (G,P )
such that {
∑∞
j=1 sj(xinj)}
∞
i=1 is Cauchy.
Then limi xij = xj uniformly for j ∈ N. In particular, limi xii = 0.
Being related to these theorems Swartz [5] described a series of applications
of the above three Antosik-Mikusinski Theorems which did not appear in [6]. Re-
cently, Wu junde and Lu Shijie [9, 10] also obtained some interesting conclusions
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from Stuart’s results.
2. Uniform Convergence Principles
Let G be an Abelian group. We recall that a functional P on G is a quasi-norm
if for each x, y ∈ G,P (0) = 0, P (−x) = P (x) and P (x + y) ≤ P (x) + P (y). If
(G, τ) is an Abelian topological group, then the topology τ can be generated by a
family of quasi-norms. See Weber [11] for this.
Let (G,P ) be an Abelian quasi-normed group. Then s : (G,P ) → (G,P ) is
said to be an additive isometry, if for any x, y ∈ G we have s(x+ y) = s(x) + s(y)
and P (s(x)) = P (x). It is clear that the identity mapping and s(x) = −x are both
additive isometry.
Let Ω be a non-empty set and let (G,P ) be an Abelian quasi-normed group.
Also, let F be a family of functions which maps Ω into (G,P ). A sequence {fk}
in F is said to be pointwise isometry K-convergent (with respect to F) if for each
subsequence {fmk} of {fk} there is a further subsequence {fnk} of {fmk}, a sequence
of additive isometries {sk}, and a function f ∈ F such that
∑∞
k=1 sk(fnk(t)) = f(t)
for each t ∈ Ω.
If (G, τ) is an Abelian topological group, we say that {fk} ⊆ F is pointwise
signed K-convergence (with respect to F) if for each subsequence {fmk} of {fk}
there is a further subsequence {fnk} of {fmk}, a signed sequence {θk} ⊆ {1,−1},
and a function f ∈ F such that
∑∞
k=1 θkfnk(t) = f(t) for each t ∈ Ω.
Similar, we can define the pointwise K-convergence sequences.
A subset B ⊆ Ω is said to be F sequentially conditionally compact, if for each
sequence {tj} ⊆ B has a subsequence {tnj} of {tj} such that limj f(tnj ) exists for
each f ∈ F .
Let (Ω, τ1) be a Hausdorff topological space. Then we denote by CG(Ω) the
space of all continuous functions f : (Ω, τ1)→ (G,P ).
Also, Swartz [5] proved the following three uniform convergence principles:
Uniform Convergence Principle I. Let (Ω, τ1) be a sequentially compact
Hausdorff topological space. Also, let (G, τ) be an Abelian topological group and
F ⊆ CG(Ω). If {fj} in F is pointwise K-convergent (with respect to F), then {fj}
convergent to 0 uniformly on Ω.
Uniform Convergence Principle II. Let (Ω, τ1) be a compact Hausdorff
topological space. Also, let (G,P ) be an Abelian quasi-normed group and F =
CG(Ω). If {fj} in F is pointwise K-convergent (with respect to F), then {fj}
convergent to 0 uniformly on Ω.
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Uniform Convergence Principle III. Let Ω be a non-empty set, (G, τ) be
an Abelian topological group. Also, let F be a family of functions which maps Ω
into (G, τ). If {fj} in F is pointwise K-convergent (with respect to F), and Ω is
F sequentially conditionally compact, then {fj} convergent to 0 uniformly on Ω.
In next section we prove that the three uniform convergence principles of
Swartz are all equivalent to the Antosik-Mikusinski Theorem. In particular, we
can extend the compact spaces in Uniform Convergent Principle II to countable
compact spaces.
Note that, in 1992, Li Ronglu [12] had already established a uniform conver-
gence principle which is stronger than the UCP (I) of Swartz ([5], 1996). Using
this result, Li Ronglu studied the summability of a class of operator matrices in
[13]. Also, Qu Wenbo and Wu Junde [14] pointed out that the uniform convergence
principle of Li Ronglu [12] is equivalent to the Antosik-Mikusinski Theorem.
3. The Main Theorem and Its Proof
At first, we need to generalize the Antosik Lemma of [15].
Lemma 1. Let G be an Abelian quasi-normed group and xij ∈ G, i, j ∈ N.
Suppose that for each strictly increasing sequence {mi} in N has a subsequence
{ni} and a sequence of additive isometries sj : (G,P )→ (G,P ) such that
(i) limi xninj = 0 for each j ∈ N,
(ii) limi
∑∞
j=1 sj(xninj ) = 0.
Then limi xii = 0 .
Proof. If not, there is an increasing sequence of positive integers {mi} and
ε0 > 0 such that for each i ∈ N,
P (xmimi) ≥ ε0. (1)
Let {ni} be a subsequence of {mi} such that (i) and (ii) hold. It is clear that for
i ∈ N and j →∞, P (xninj)→ 0; for j ∈ N and i→∞, P (xninj )→ 0. Put k1 = 1
and find an index k2 such that P (xnkinkj ) < 2
−i−j for i, j = 1, 2 and i 6= j. By
induction we can find an increasing sequence {ki} such that P (xnkinkj ) < 2
−i−j for
i, j ∈ N and i 6= j. Putting pi = nki we have
P (xpipj) < 2
−i−j
for i, j ∈ N and i 6= j. Let {qi} be a subsequence of {pi} and let {sj} be a sequence
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of additive isometries of (G,P )→ (G,P ) such that
lim
i
∞∑
j=1
sj(xqiqj) = 0.
Note that ∑
j 6=i
P (sj(xqiqj)) =
∑
j 6=i
P (xqiqj ) < 2
−i,
P (
∞∑
j=1
sj(xqiqj))→ 0,
and
P (xqiqi) = P (si(xqiqi)) ≤
∑
j 6=i
P (sj(xqiqj)) + P (
∞∑
j=1
sj(xqiqj))
for i ∈ N. Hence we have P (xqiqi) → 0. This contradicts (1), which proves the
lemma.
The following lemma is also needed.
Lemma 2 [16]. Let (X, τ1) be a countably compact Hausdorff topological
space and let (Y, d) be a metric space. Then each continuous bijection T : (X, τ1)→
(Y, d) is a homeomorphism.
Our main result is:
Theorem 1. Let (G,P ) be an Abelian quasi-normed group. The following
six statements are equivalent and they all hold true:
(I). If for i, j ∈ N, zij ∈ G, and
(iii) limi zij = 0 for each j ∈ N,
(iv) For each strictly increasing sequence of positive integers {mj} there is a
subsequence {nj} of {mj} and a sequence of additive isometries {sj} : (G,P ) →
(G,P ) such that limi
∑∞
j=1 sj(zinj ) = 0.
Then limi zii = 0.
(II). (The Isometry Antosik-Mikusinski Theorem). If for i, j ∈ N, xij ∈ G, and
(v) limi xij = xj exists for each j ∈ N,
(vi) for each strictly increasing sequence of positive integers {mj} there is a
subsequence {nj} and a sequence of additive isometries {sj} : (G,P ) → (G,P )
such that {
∑∞
j=1 sj(xinj)}
∞
i=1 is Cauchy.
Then limi xij = xj uniformly for j ∈ N. In particular, limi xii = 0.
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(III). Let Ω be a non-empty set and F be a family of functions which mapping
Ω into (G,P ). If the sequence {fi} in F is pointwise isometry K-convergent (with
respect to F) and Ω is F sequentially conditionally compact, then {fi} converges
to 0 uniformly on Ω.
(IV). Let (Ω, τ1) be a sequentially compact Hausdorff space and F be a family
of continuous functions which mapping (Ω, τ1) into (G,P ). If {fi} is pointwise
isometry K-convergent (with respect to F), then {fi} converges to 0 uniformly on
Ω.
(V). Let (Ω, τ1) be a countable compact Hausdorff space and F be a family
of continuous functions which mapping (Ω, τ1) into (G,P ). If {fi} is pointwise
isometry K-convergent (with respect to F), then {fi} converges to 0 uniformly on
Ω.
(VI). Let (Ω, τ1) be a compact Hausdorff space and F be a family of continuous
functions which mapping (Ω, τ1) into (G,P ). If {fi} is pointwise isometry K-
convergent (with respect to F), then {fi} converges to 0 uniformly on Ω.
Proof. (I)⇒ (II). If the conclusion fails, there are a ε0 > 0 and two strictly
increasing sequences of positive integers {pk} and {qk} such that
P (xpkqk − xqk) ≥ ε0 (2)
for all k ∈ N. Note that
xpiqj − xqj → 0
for each j ∈ N as i → ∞, therefore, there exists a subsequence {mi} of {pi} such
that
P (xmiqi − xqi) <
ε0
2
(3)
for i ∈ N. On the other hand, we have
xpiqi − xqi = (xpiqi − xmiqi) + (xmiqi − xqi). (4)
Consider the infinite matrix (xpiqj − xmiqj )ij and note that the matrix satisfies
condition (I). Consequence
xpiqi − xmiqi → 0
as i→∞, and
P (xpiqi − xmiqi) <
ε0
2
for sufficiently large i. Hence, by (4) and (3)
P (xpiqi − xqi) < ε0
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for sufficiently large i. Which contradicts (2) and (I) ⇒ (II) holds.
(II)⇒ (III). We are to show that fj(ω) → 0 uniformly for ω in Ω or, equiva-
lently, for each sequence {ωi} in Ω,
fi(ωi)→ 0 (5)
as i → ∞. Let {ωi} be a sequence of Ω. Since Ω is F sequentially conditionally
compact, there exists a subsequence {ωni} of {ωi} such that for each f ∈ F ,
limi f(ωni) exists. Consider the infinite matrix (fnj (ωni))ij. Note that {fi} is
pointwise isometry K-convergent, so the matrix satisfies condition (II). Thus
fni(ωni)→ 0.
Since the same argument can be applied to any subsequence of {fi(ωi)}, it follows
that limi fi(ωi) = 0. (II) ⇒ (III) is true.
(III)⇒ (IV) and (V) ⇒(VI) are clear.
(IV)⇒(V). Define an equivalent relation∼ on Ω by t ∼ s⇔ fj(t) = fj(s) for all
j ∈ N. Let tˆ be the equivalence class determined by t ∈ Ω and let Ωˆ = {tˆ : t ∈ Ω}
be the set of all equivalence classes. Define a metric d on Ωˆ by
d(tˆ, sˆ) =
∞∑
j=1
1
2j
P (fj(s)− fj(t))
1 + P (fj(s)− fj(t))
.
Since each fi is a continuous function which mappings Ω into (G,P ), so map t→ tˆ
from Ω onto Ωˆ is a continuous bijection with respect to d. It follows from Lemma
2 that t → tˆ is a homeomorphism. So the quotient topology of Ωˆ is equivalent to
the metric topology d. Thus, (Ωˆ, d) is a countable compact metric space, so (Ωˆ, d)
is a sequentially compact metric space. Define fˆi : Ωˆ → G by fˆi(tˆ) = fi(t). Note
that each fˆi is well-defined and continuous. Let F be the all continuous functions
which mapping Ωˆ into G. We claim that {fˆi} is pointwise isometry K-convergent
with respect to F . Given any subsequence of {fˆi}, there is a further subsequence
{fˆni}, a sequence of additive isometries {sj} : (G,P ) → (G,P ) and a continuous
function f which mappings Ω into G such that
∑∞
i=1 si(fni(t)) = f(t) for all t ∈ Ω.
Define fˆ : Ωˆ → G by fˆ(tˆ) = f(t). Note that fˆ is well-defined since if t ∼ s, then
fni(t) = fni(s) for each i ∈ N. Furthermore, fˆ is a continuous function which
mappings (Ωˆ, d) into (G,P ) and have
∑∞
i=1 si(fˆni(tˆ)) = fˆ(tˆ) for all t ∈ Ω. So
{ˆfi} is pointwise isometry K-convergent. By (IV) that limi fˆi(tˆ) = limi fi(t) = 0
uniformly for t ∈ Ω. Thus, (IV)⇒ (V) holds.
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(VI)⇒(I). Indeed, if the hypothesis of (I) is satisfied. Let Ω = {1
i
, 0}∞i=1, for
x, y ∈ Ω, put d1(x, y) = |x − y|. Then (Ω, d1) is a compact Hausdorff topological
space. Let fj : Ω −→ G satisfies that if ω =
1
i
, fj(ω) = zij; if ω = 0, fj(ω) = 0. It is
easily to show that each fj is continuous and for each strictly increasing sequence
{mj} in N has a subsequence {nj} and a sequence of additive isometries {sj} :
(G,P )→ (G,P ) such that for each i ∈ N, the series
∑
j sj(zinj ) is convergent and
limi
∑
j sj(zinj ) = 0. Thus, for each ω ∈ Ω , the series
∑
j sj(fnj (ω)) is convergent
and
∑
j sjfnj : Ω −→ G is continuous. It follows from (VI) that limj fj(ω) = 0
uniformly on Ω. In particular, limj fj(
1
j
) = limj zjj = 0. So (I) is hold.
Thus, we have proved that all six statements (I), (II), (III), (IV), (V), (IV)
are equivalent. Since Lemma 1 ⇒(I) is obviously true and the six statements are
equivalent and they all hold true, thus, we proved the theorem.
Note that Theorem 1 has unified the Isometry Antosik-Mikusinski Theorem
and Swartz’s Isometry Type Uniform Convergence Principles.
Since the topology τ of each Abelian topological group (G, τ) can be generated
by a family of quasi-norms as in Weber [11], we can obtain the following signed
type analog of Theorem 1 as Corollary:
Corollary 1. Let (G, τ) be an Abelian topological group. The following states
are equivalent and they all hold true:
(I). If for i, j ∈ N, zij ∈ G, and
(iii) limi zij = 0 for each j ∈ N,
(iv) for each strictly increasing sequence of positive integers {mj} there is a sub-
sequence {nj} and a signed sequence {θj} ⊆ {1,−1} such that limi
∑∞
j=1 θjzinj = 0.
Then limi zii = 0.
(II). (The Signed Antosik-Mikusinski Theorem). If for i, j ∈ N, xij ∈ G, and
(v) limi xij = xj exists for each j ∈ N,
(vi) for each strictly increasing sequence of positive integers {mj} there is a
subsequence {nj} and a signed sequence {θj} ⊆ {1,−1} such that {
∑∞
j=1 θjxinj}
∞
i=1
is Cauchy.
Then limi xij = xj uniformly for j ∈ N. In particular, limi xii = 0.
(III). Let (Ω, τ1) be a non-empty set and F be a family of functions which
mapping Ω into (G, τ). If the sequence {fi} in F is pointwise signed K-convergent
(with respect to F) and Ω is F sequentially conditionally compact, then {fi}
converges to 0 uniformly on Ω.
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(IV). Let (Ω, τ1) be a sequentially compact Hausdorff space and F be a family
of continuous functions which mapping Ω into (G, τ). If {fi} is pointwise signed
K-convergent (with respect to F), then {fi} converges to 0 uniformly on Ω.
(V). Let (Ω, τ1) be a countable compact Hausdorff space and F be a family
of continuous functions which mapping Ω into (G, τ). If {fi} is pointwise signed
K-convergent (with respect to F), then {fi} converges to 0 uniformly on Ω.
(VI). Let (Ω, τ1) be a compact Hausdorff space and F be a family of continuous
functions which mapping Ω into (G, τ). If {fi} is pointwise signed K-convergent
(with respect to F), then {fi} converges to 0 uniformly on Ω.
Now, we give a direct application of Corollary 1.
Let (Ω, τ1) be a compact Hausdorff space and (X, ||.||) be a normed space.
Then an interesting question in Analysis arises as follows: If a series
∑
k fk in
CX(Ω) convergent to f ∈ CX(Ω) pointwise on Ω, then under what conditions
the series
∑
k fk convergent to f uniformly on Ω? Thomas in [17] answered this
question:
If
∑
k fk convergent to f ∈ CX(Ω) pointwise on Ω, and for each subsequence
{fnk} of {fk} there is a f0 ∈ CX(Ω) such that
∑∞
k=1 fnk convergent to f0 pointwise
on Ω, then
∑
k fk convergent to f uniformly on Ω.
Now, we can use Corollary 1 to extend the above Thomas theorem to more
stronger form:
Corollary 2. Let (G, τ) be an Abelian topological group, (Ω, τ1) be a se-
quentially compact or countable compact or, in particular, a compact Hausdorff
space, {fk} ⊆ CG(Ω). If for each subsequence {fnk} of {fk} there is a f0 ∈ CG(Ω)
such that
∑∞
k=1 fnk(t) = f0(t) for each t ∈ Ω, then the series
∑∞
k=1 fk convergent
uniformly on Ω.
Corollary 1 showed that the Thomas theorem of 70’s is very close to the
Antosik-Mikusinski Theorem of 80’s.
Finally, we point out that the continuity of maps of Theorem 1 and Corollary
1 can be weaked to the sequentially continuity as was considered by Li Ronglu in
[12, 1992].
Acknowledgment. The first author thanks Prof. Li Ronglu for his helpful
discussion and suggestion on this topics.
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